Abstract. We introduce real structures on L-twisted Higgs pairs over a compact Riemann surface equipped with an anti-holomorphic involution, and prove a Hitchin-Kobayashi correspondence for them. Real G-Higgs bundles, where G is a real form of a connected semisimple complex affine algebraic group G C , constitute a particular class of examples of these pairs. The real structure in this case involves a conjugation of G C commuting with the one defining the real form G. We establish a homeomorphism between the moduli space of real G-Higgs bundles and the moduli space of compatible representations of the orbifold fundamental group of X. Finally, we show how real G-Higgs bundles appear naturally as fixed points of certain anti-holomorphic involutions of the moduli space of G-Higgs bundles, that are constructed using the real structures on G C and X.
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Introduction
In recent years, much attentions have been paid to the theory of Higgs pairs. The study of these objects is primarily motivated by various moduli problems arising from gauge theory, algebraic geometry, symplectic geometry and topology. To recall the definition of a Higgs pair, let X be a compact Riemann surface, G a connected reductive complex affine algebraic group, V a complex vector space, ρ : G −→ GL(V) a holomorphic representation and L a holomorphic line bundle over X. A L-twisted Higgs pair (E, ϕ) of type ρ consists of a holomorphic principal G-bundle E over X and a holomorphic section ϕ of V ⊗ L, where V := E(V) is the holomorphic vector bundle on X associated to E via ρ. In [21] , the notion of α-polystability for these pairs was introduced, where α is an element of the center of the Lie algebra h of a maximal compact subgroup H ⊂ G. The Hitchin-Kobayashi correspondence in this context, also proved in [21] , has the following formulation: once we fix a Kähler form ω of X, a L-twisted Higgs pair (E, ϕ) of type ρ is α-polystable if and only if there is a reduction h of structure group of the principal G-bundle E, to the subgroup H ⊂ G, that satisfies the Hermite-Einstein-Higgs equation which says that
where F h is the curvature of the unique connection, on the principal H-bundle E H ⊂ E corresponding to h, that is compatible with the holomorphic structure of E, while Λ denotes the contraction of forms with ω and µ h is a moment map that depends on h; construction of this ω requires fixing a bi-invariant metric B on the Lie algebra h = Lie(H), an H-invariant Hermitian product , on V as well as a Hermitian metric h L on L. Examples of twisted Higgs pairs include: quiver bundles, Higgs bundles and Hodge bundles among other objects (see [1, 13, 14, 21, 22] for examples and more on Higgs pairs).
One of the main objectives here is to extend this correspondence to the context where all the objects are equipped with real structures. By this, we mean anti-holomorphic involutions σ X and σ G on X and G, respectively, an anti-linear involution σ V on V such that the representation ρ that is compatible with respect to σ G and σ V , and an anti-holomorphic involution σ L on L over σ X which is anti-linear on the fibers. A (σ X , σ G , c)-real structure on a holomorphic principal G-bundle E over X is an anti-holomorphic involution σ E of E, such that σ E (eg) = σ E (e) σ G (g) and σ 2 E (e) = e c, for all e ∈ E and g ∈ G, where c ∈ Z G 2 is an element of order two in the center of G satisfying the condition that σ G (c) = c. With these real structures in place, set σ σ σ = (σ X , σ G , c, σ L , σ V , ±) .
A σ σ σ-real L-twisted Higgs pair of type ρ is a triple of the form (E, ϕ, σ E ), where (E, ϕ) is a L-twisted Higgs pair of type ρ, while σ E is a (σ X , σ G , c)-real structure on E and ϕ that satisfies the condition σ V ⊗ σ L (ϕ) = ±σ * X ϕ with σ V being the involution on V = E(V) induced by σ E and σ V .
We prove the following Hitchin-Kobayashi correspondence (see Theorem 4.1):
A σ σ σ-real L-twisted Higgs pair (E, ϕ, σ E ) of type ρ is polystable if and only if there is a σ E -compatible reduction h of the structure group from G to H satisfying (1.1) . (By σ E -compatible reduction we mean that the reduced principal H-bundle E H defining h is preserved by σ E .)
To prove the above correspondence, we first adapt the arguments in [21] to reduce the proof to the stable case. The main difficulty here is to characterize the space of infinitesimal automorphisms for a stable σ σ σ-real L-twisted Higgs pair (E, ϕ, σ E ); taking into account our stability condition this involves a condition on Ad(E). After that, we adapt the arguments in [15] to prove the theorem in the stable case; this involves finding a minimizing sequence of σ E -compatible metrics for the integral of the moment map (1.1), that converge weakly to our solution. Now, let G be a real form of a connected semisimple complex affine algebraic group G C . In order to avoid any possible confusion, it should emphasized that this G is no longer a complex Lie group. A particular class of L-twisted Higgs pairs of type ρ are G-Higgs bundles; in this case, L = K X is the canonical bundle and ρ is the isotropy representation ι : H C −→ GL(m C ) with m being the −1-eigenspace of the Cartan decomposition Lie(G) = g = h ⊕ m. We recall that in [21] , a non-abelian Hodge correspondence for G-Higgs bundles is proved, establishing an identification between the moduli space of G-Higgs bundles M and the character variety R for representations of the fundamental group of X in G.
Another main result of this paper is the extension of the non-abelian Hodge correspondence to real G-Higgs bundles. This correspondence has been studied in [7] , [9] and [11] , when the group G is complex. For the set-up to extend these results to real G, we need to consider a real structure σ G on G C which satisfies the condition that it commutes with the compact conjugation τ and the conjugation µ of G C for which G = (G C ) µ . Then σ G preserves H C and dσ G presreves m C ; moreover, ι is a representation compatible with σ G and dσ G . Real G-Higgs bundles are σ σ σ-real K X -twisted Higgs pairs of type ι; for σ σ σ-real K X -twisted Higgs pairs, we have σ V = dσ G while σ L = σ K X is the anti-holomorphic involution on L = K X , induced by σ X .
To describe the other side of the non-abelian Hodge correspondence, let Γ(X, x) be the orbifold fundamental group of (X, σ X ) for a base point x ∈ X, and let G ± be the group whose underlying set is G × (Z/2Z) while the group operation on it is given by (g 1 , e 1 )(g 2 , e 2 ) = (g 1 (σ G τ
e 1 (g 2 )c e 1 e 2 , e 1 + e 2 ) .
A (σ G , c, ±)-compatible representation of Γ(X, x) is an homeomorphism of groups ρ : Γ(X, x) −→ G ± that fits in the following commutative diagram
where i, i ′ are the inclusion maps; see (5.6) and (5.7) for the constructions of q and q ′ respectively.
We prove the following (see Theorem 5.7):
There is a natural bijection between the moduli space M(σ X , σ G , c, ±) of real G-Higgs pairs and the moduli space R(σ G , c, ±) of compatible representations of Γ(X, x) in G.
The proof of Theorem 5.7 crucially uses Theorem 4.1 and the Corlette-Donaldson correspondence. Theorem 5.7 could conceivably be a starting point to identify higher Teichmüller spaces, as it is done in the usual theory of G-Higgs bundles (see [20] ).
Real G-Higgs bundles appear in a natural way as fixed points of the involutions on the moduli space M of G-Higgs bundles defined by
We prove the following (see Proposition 6.3):
order two invariant under σ G and lying in the intersection of the centers Z(H
We also prove a similar result for R(σ G , c, ±), where the involutions on R are given by
(1.4) (see Proposition 6.5).
When G is complex, M is a hyper-Kähler manifold and the fixed points sets of (1.3) and (1.4) are branes, in the sense of [25] . These branes have been studied in [4] , [5] , [6] , [19] , [22] and [23] , [8] and their importance stem from their close relation with mirror symmetry and the Langlands correspondence.
The article is organized as follows. First, we review in Section 2 the notions of real structures for the main objects that will be used in subsequent sections, and we also extend the Chern correspondence in the presence of real structures. In Section 3 and Section 4 we prove a Hitchin-Kobayashi correspondence for σ σ σ-real L-twisted Higgs pairs. First, we define these pairs, we give some examples and we recall the Hermite-Einstein-Higgs equation. We then prove that a polystable σ σ σ-real L-twisted Higgs pair that is not stable, admits a JordanHölder reduction and, as a result, we reduce the proof to the stable case. After that, we state our problem in terms of finding a metric on which the integral of the moment map attains a minimum. Finally, we prove the converse, the existence of solutions of the HermiteEinstein-Higgs equation implies polystability. In Section 5, we prove the non-abelian Hodge correspondence for real G-Higgs bundles, where G is a real form of a connected semisimple Lie group G C . We start proving a bijective correspondence between M(σ X , σ G , c, ±) and the moduli space A 0 of triples consisting of compatible connections, real Higgs sections and real structures on the underlying C ∞ -bundle, satisfying the Hitchin equations. We also prove the Donaldson-Corlette correspondence, a bijection between A 0 and the moduli space of compatible local systems, which is in bijective correspondence with R(σ G , c, ±). Finally, in Section 6, we describe the relation between the fixed points of (1.3) and the moduli spaces M(σ X , σ G , c, ±), where c varies in
. By the non-abelian Hodge correspondence, proved in the previous section, we obtain a similar description for the fixed points of (1.4) and the moduli spaces R(σ G , c, ±), varying c ∈ Z
2. Real structures 2.1. Real structures on complex Lie groups and their representations. A real structure or conjugation on a reductive complex affine Lie group G is an anti-holomorphic involution of G. We denote by Conj(G) the set of conjugations on G and by Aut 2 (G) the set of automorphisms of G of order two. In Aut 2 (G) and Conj(G) we define the equivalence relation σ ∼ σ ′ if and only if there is α ∈ Aut(G), such that σ
Cartan proved in [16] that there is a bijection
which is constructed as follows: Fix a compact conjugation τ of G; now given σ ∈ Conj(G),
Proof. Given a compact conjugation τ , by the bijection in (2.1) there is a conjugation σ
, and therefore
2) because τ and σ are both involutions. Consider
using Equation (2.2) . This implies that σ(
Let G be a complex reductive group equipped with a real structure σ, and let V be a complex vector space equipped with a real structure
Example 2.2 (The adjoint representation). Let G be a complex group equipped with a real structure σ. Then dσ is a real structure on the Lie algebra g of G. Since the adjoint action Ad : G −→ Aut(G) commutes with σ, it follows that Ad :
Example 2.3 (The isotropy representation). Let G be a real form of a connected reductive Lie group G C , let τ ∈ Conj(G C ) be a compact conjugation and µ ∈ Conj(G C ) be a conjugation such that the fixed point set (
If σ is a (µ, τ )-compatible conjugation, then the Cartan decomposition g = h ⊕ m is preserved by dσ. The adjoint action of H on m extends to the complexified spaces, and the isotropy representation ι :
2.2.
Real structures on Riemann surfaces and holomorphic bundles. A real structure σ X on a Riemann surface X is an anti-holomorphic involution of X. The pair (X, σ X ) sometimes will be referred to as a Klein surface. Such pairs were first studied in [26] and [33] . A morphism of Klein surfaces f : (X,
A Klein surface equipped with a Kähler form ω always admits a real Kähler form; indeed, the Kähler form ω − σ * X ω is real (see [7, p. 4] ). Let (X, σ X ) be a Klein surface and let E −→ X be a holomorphic vector bundle. A σ X -real structure on E is a C ∞ R-linear isomorphism σ E : E −→ E such that the following conditions hold:
The pair (E, σ E ) sometimes will be referred to as a real holomorphic vector bundle. A homomorphism of real holomorphic vector bundles f :
Real holomorphic vector bundles were introduced by Atiyah in [2] , and they were subsequently studied in [5] , [6] , [10] , [27] , [34] and [35] . In [10, Section 4] , there is a description of the topological classes of these bundles.
Let G be a reductive complex affine algebraic group equipped with a real structure σ G , and let (X, σ X ) be a Klein surface. Let Z be the center of G and Z σ G 2 ⊂ Z be the subgroup of elements of Z of order two that are invariant under σ G . Take c ∈ Z σ G 2 , and let E be a holomorphic principal G-bundle over X. A (σ X , σ G , c)-real structure is a R-linear C ∞ homomorphism σ E : E −→ E such that the following conditions holds:
is commutative, or in other words σ E is a lift of σ X , (2) σ E is anti-holomorphic, (3) σ E (eg) = σ E (e) σ G (g), for all e ∈ E, g ∈ G , and (4) σ 2 E (e) = ce .
Such a pair (E, σ E ) sometimes will be referred to as a
In the literature, such bundles are known as pseudo-real bundles (see [7] , [9] and [11] ). In [9, Theorem 3.9] , there is a description of the topological classes of pseudo-real bundles.
2.3. Chern correspondence and real structures. Let G be a reductive complex Lie group equipped with a real structure σ G , and let (X, σ X ) be a Klein surface. Take c ∈ Z σ G 2 , and let π : E −→ X be a C ∞ principal G-bundle over X. A (σ X , σ G , c)-real structure σ E on E is a lift of σ X to E satisfying conditions (1) , (3) and (4) in the definition of a (σ X , σ G , c)-real holomorphic G-bundle. An almost complex structure J on E is a G-invariant smooth section of End(T E), such that
• the projection π is holomorphic, and • the action of G on E is holomorphic.
An almost complex structure on E is automatically integrable, because the complex dimension on X is one. Let C be the set of all almost complex structures on E. A complex structure
3) and dπ • dσ E = dσ X • dπ . We shall denote by C(E, σ E ) the space of all almost complex structures on E that are σ E -real.
There is a bijection between C(E, σ E ) and the set of
Proof. This is straight-forward.
Proposition 2.5. Let π : E −→ X be a C ∞ principal G-bundle equipped with a real structure σ E . The following four types of objects are equivalent:
for all e ∈ E and g ∈ G:
• T e E = (V E) e ⊕ H e , where V E := kernel(dπ) is the vertical tangent bundle,
, where R g denotes the right action of g on E, and
is commutative.
) such that, for all e ∈ E and g ∈ G:
• The restriction of ω to fibers is the Maurer-Cartan form, meaning
• ω , and • the homomorphism ω(e) :
and this proves the commutativity of (2.5).
and this implies (2.4).
(3) ⇔ (4). This is straight-forward.
A connection on E satisfying the four equivalent conditions in Proposition 2.5 is called a σ E -compatible connection.
Let E(g) be the adjoint bundle for E. Let A be the space of connections on E, and let A 1,1 be the subset of A consisting of connections, whose curvatures belong to
Let H ⊂ G be a maximal compact subgroup of G preserved by the involution σ G (see Proposition 2.1). Therefore, the involution σ E of E produces an involution of E/H. A reduction h : X −→ E/H of the structure group of E from G to H is called σ E -compatible if the image of h is preserved by this involution of E/H. Note that h is σ E -compatible if and only if the reduced principal H-bundle E H ⊂ E corresponding to h satisfies the condition that σ E (E H ) = E H . Example 2.6 (Compatible Hermitian metric). Let E be a C ∞ principal GL(n, C)-bundle, and let V := E(C n ) be the associated complex vector bundle of rank n on X. Let σ GL(n,C) be the real structure on GL(n, C) that sends any matrix A to its conjugate matrix A, then a (σ X , σ GL(n,C) , c)-real structure σ E on E corresponds to a σ X -real structure σ V on V . Giving a σ E -compatible reduction on E to U(n) is equivalent to giving an Hermitian structure
commutes, where σ V * := σ T V is the transpose of σ V .
Let E be a C ∞ principal G-bundle over X equipped with a (σ X , σ G , c)-real structure σ E . Let E H ⊂ E be a σ E -compatible reduction of structure group to the maximal compact subgroup H of G. The space of all connections on the principal H-bundle E H will be denoted by A(E H ). Recall that A denotes the space of all connections on E, and A 1,1 ⊂ A consists of those, whose curvature is of type (1, 1). We shall denote the intersection
given by those connections for which the corresponding connection on E is σ E -compatible.
There is a bijection between C(E, σ E ) and
Proof. The Chern map C :
is a bijection (see [32, p. 586 ], see also [28, Lemma 2.1]). Let J be a σ E -real complex structure. The inverse of C sends any element of A 1,1 (E H ) to the almost complex structure on E given it. If X ∈ C(J) e , then X = J(Y ), for some Y ∈ T e (E H ). By condition (2.3)
, and we have that
The other inclusion can be proved analogously, reversing the arguments. Therefore, C(J) is a σ E | E H -compatible connection (see Proposition 2.5 (1)).
Remark 2.8. Let X be a Riemann surface with complex structure J X and equipped with a real structure σ X . Let G be a reductive complex Lie group and V a complex vector space equipped with real structures σ G and σ V , respectively. Let
∞ principal G-bundle over X equipped with a (σ X , σ G , c)-real structure σ E and a complex structure J. The associated vector bundle V = E(V) is equipped with: an associated involution σ V , induced by σ E and σ V ; and an associated holomorphic structure J V ∈ C ∞ (V, T V ), such that, its Dolbeault operator is given by
If J is σ E -real, then ∂ J V anti-commutes with J V , which is an equivalent condition for (V, σ V ) to be a real holomorphic vector bundle, (see Proposition 2.4). If E is equipped with a σ E -compatible reduction E H ⊂ E to the maximal compact subgroup H, then A := C(J) is a σ E | E H -compatible connection, by Theorem 2.7, and
where Γ : T V −→ T V v is induced by A (see Proposition 2.5 (2)) and T V v denotes the vertical tangent bundle.
Real twisted Higgs pairs and stability
3.1. Real twisted Higgs pairs. Let X be a compact Riemann surface, and let G be a connected reductive complex affine algebraic group. Let V be a complex vector space and ρ : G −→ GL(V) a representation. We denote by V the vector bundle E(V) associated to E via ρ. Let L be a holomorphic line bundle over X. A L-twisted Higgs pair of type ρ is a pair (E, ϕ) consisting of a holomorphic principal G-bundle E over X and a holomorphic section ϕ of the vector bundle V ⊗ L .
Let σ X and σ G be real structures on X and G, respectively. Let σ V be a real structure on V and ρ : G −→ GL(V) a (σ G , σ V )-compatible representation. Let Z be the center of G, and let Z σ G 2 be the subgroup of elements of Z of order two, fixed pointwise by σ G . Take any
The triple (E, ϕ, σ E ) it sometimes will be referred to as a σ σ σ-real twisted Higgs pair (of type ρ).
We give some concrete examples.
In this case, σ σ σ-real K X -twisted Higgs pairs of type Ad are known in the literature as pseudo-real G-Higgs bundles (see [7] , [9] and [11] ).
and ρ the standard representation of GL(n, C), while L is an arbitrary holomorphic line bundle on X. A L-twisted Higgs pairs of type ρ is a L-quadratic pair. They are also know in the literature as conic bundles or quadric bundles. (see, for example, [30] ). If we equip G and V with complex conjugations σ G (A) = A and σ V (v) = v, for all A ∈ GL(n, C) and v ∈ V, then ρ is a (σ G , σ V )-compatible representation. Let σ L be a real structure on L. Then σ σ σ-real L-twisted Higgs pairs of type ρ are real L-quadratic pairs (V, ϕ, σ V ); by this we mean that (V, σ V ) is a real holomorphic vector bundle, and ϕ :
, and L is the trivial line bundle O X . L-twisted Higgs pairs of type ρ are known in the literature as holomorphic triples (see, for example, [13] ).
We equip G and V with real structures σ G , σ V , defined as follows:
We equip O X with the real structure induced by a real structure σ X on X. One has that σ σ σ-real O X -twisted Higgs pairs of type ρ are real holomorphic triples, that consist of two real holomorphic vector bundles
3.2. Hermite-Einstein-Higgs equation. Let G be a connected reductive complex affine algebraic group equipped with a real structure σ G . Let H ⊂ G be a maximal compact Lie subgroup invariant under σ G (see Proposition 2.1). Fix a non degenerate bi-invariant metric B on h = Lie(H) compatible with dσ G , meaning
We denote by F L the curvature of the corresponding Chern connection on L. Let V a complex space equipped with a real structure σ V . Let
As before, take a holomorphic principal G-bundle E on X equipped with a real structure σ E . Let h be a σ E -compatible reduction of the structure group of E from G to H (see Section 2.3). The resulting principal H-bundle will be denoted by E H . Let A h be the unique hconnection on E H compatible with the holomorphic structure of E. Let F h be the curvature of
The vector bundle V := E(V) has a Hermitian metric h V coming from h and ·, · . Since ·, · is H-invariant and compatible with σ V , the Hermitian metric
where ϕ * means the image of ϕ by h V ⊗L ; recall that h V ⊗L is constructed using h L and h.
Let (E, ϕ, σ E ) be a σ σ σ-real L-twisted Higgs pair of type ρ. The center of the Lie algebra h is denoted by z(h). Take a central element α ∈ z(h) such that dσ G (α) = −α. A σ E -compatible reduction h of the structure group of E from G to H is called Hermite-Einstein-Higgs if it satisfies the equation
3) where Λ denotes the contraction with ω.
3.3. Stability. As before, let H be a σ G -invariant maximal compact subgroup of a connected reductive complex Lie group G and B be a non-degenerate bi-invariant metric on h = Lie(H). Let s be an element of √ −1h; the following objects are associated to s:
is the Adjoint representation, • p s := {x ∈ g | Ad(e ts )x is bounded when t → ∞} is the Lie algebra of P s , 
Now, we recall the definition of the degree of a L-twisted Higgs pair (E, ϕ) of type ρ associated to
• a holomorphic reduction σ of the structure group of E from G to P s , along with • an element s ∈ √ −1h.
Let E Ps ⊂ E be the holomorphic principal bundle corresponding to σ. By [21, Lemma 2.4], there is a natural number n such that (χ s ) n lifts to a character χ s of P s . Then E Ps ( χ s ) is a line bundle, and
Let σ G be a conjugation on G, and let (E, σ E ) be a (σ X , σ G , c)-real holomorphic principal G-bundle on X. We denote by Ad(E) the group scheme E × Ad G over X; so Ad(E) is associated to E for the adjoint action of G on itself. The real structures σ E and σ G together induce a real structure σ Ad(E) on Ad(E), because the adjoint action Ad : G −→ Aut(G) is compatible with σ G (see Example 2.2).
The main change in the definition of stability for σ σ σ-real L-twisted Higgs pairs vis-à-vis the definition of stability of the underlying Higgs pairs is that we must consider only holomorphic reductions E Ps ⊂ E of E from G to P s such that
• α-semistable if for every s ∈ √ −1h and for every reduction of structure group E Ps ⊂ E of E to P s satisfying (3.5) as well as the condition ϕ ∈ H 0 (X, E Ps (V s )⊗L), the inequality deg E(s, σ) − B(s, α) ≥ 0 holds, where σ denotes the reduction E Ps of the structure group of E to P s ; • α-stable if for every s ∈ √ −1h \ Ker(dρ) and for every reduction σ of structure group of E to P s satisfying (3.5) as well as the condition
• α-polystable if it is α-semistable and furthermore, for every reduction σ of structure group of E to P s satisfying (3.5) as well as the two conditions ϕ ∈ H 0 (X, E Ps (V s )⊗L) and deg E(s, σ) − B(s, α) = 0 , there is a holomorphic reduction of structure group E Ls ⊂ E Ps of E Ps to the Levi subgroup L s ⊂ P s such that
If the condition in (3.5) is dropped, we obtain the usual definition of stability for the L-twisted Higgs pair (E, ϕ) underlying (E, ϕ, σ E ). The naive condition for σ σ σ-real Ltwisted Higgs pairs, considering only those parabolic subgroups P s such that σ G (P s ) = P s , is not the right one for stability, since there are some cases (such as the compact real form of G) for which there are no σ G -invariant parabolic subgroups and, therefore, such a stability condition would be trivially satisfied.
Remark 3.6. Let (E, ϕ, σ E ) be a σ σ σ-real L-twisted Higgs pair. If the underlying Higgs pair (E, ϕ) is α-stable or α-semistable, then (E, ϕ, σ E ) is α-stable or α-semistable, respectively.
Hitchin-Kobayashi correspondence for real Higgs pairs
The main result of the section, that we prove in the subsequent subsections, is the following. 
Proof. If a L-twisted Higgs pair (E, ϕ) is α-polystable then (E, ϕ, σ E ) is α-polystable for any σ σ σ-real structure σ E (see Remark 3.6).
For the opposite direction, in view of Theorem 4.1, it follows that α-polystability of a σ σ σ-real L-twisted Higgs pair (E, ϕ, σ E ) is equivalent to the existence of a σ E -compatible solution of the Hermite-Einstein-Higgs equation 4.1. Jordan-Hölder reduction. Let G be a connected reductive complex affine algebraic group group, V a complex vector space and ρ : G −→ GL(V) a holomorphic representation. Let G ′ ⊂ G be a complex algebraic subgroup, V ′ a complex linear subspace of V and
is commutative, where
• E ′ is a reduction of structure group of E, from G to G ′ , and
The main result of this subsection is the following:
Theorem 4.3 will be proved after proving Proposition 4.7.
To prove this theorem, we follow the approach in [21, Sections 2.9, 2.10, 2.11], checking that every construction is compatible with real structures. First, we establish a relation between polystable σ σ σ-real L-twisted Higgs pairs, that are not stable, and a certain space of automorphisms.
The infinitesimal automorphism space of a L-twisted Higgs pair (E, ϕ) is the subset of sections
The semisimple infinitesimal automorphism space aut ss (E, ϕ) of a L-twisted Higgs pair (E, ϕ) is the subset of aut ss (E, ϕ) defined by aut ss (E, ϕ) := {s ∈ aut(E, ϕ) | s(x) is semisimple for any x ∈ X} .
ρ V be the vector bundle associated to E for ρ. Let g ∈ H 0 (X, (E(g)), and suppose that ρ(g) has constant eigenvalues λ 1 < . . . < λ r ; a filtration V (g) associated to g is constructed as follows: let V i be the eigenbundle of eigenvalue λ i and
The space aut(E, ϕ) is equipped with the involution σ aut (s)(x) := σ ad(E) (s(σ X (x))), for every s ∈ aut(E, ϕ) and x ∈ X, where σ ad(E) is the anti-holomorphic involution of the adjoint bundle ad(E) = E(g) induced by σ E and dσ G . The infinitesimal automorphisms aut(E, ϕ, σ E ) of (E, ϕ, σ E ) are all s ∈ aut(E, ϕ) such that the filtrations V (s) and V (σ aut (s)) define two reductions of structure group E P and σ E E P , satisfying Ad(E P ) = Ad(σ E E P ). The semisimple infinitesimal automorphisms space aut ss (E, ϕ, σ E ) of (E, ϕ, σ E ) is the intersection of aut ss (E, ϕ) and aut(E, ϕ, σ E ). We denote by H 0 (X, E(z)) σ E the intersection of H 0 (X, E(z)) and aut(E, ϕ, σ E ).
ss (E, ϕ) be the section that is equal to s on the fibers. It exists because the adjoint action of L s in g fixes s (see [21, Proposition 2.14]). We have ψ σ,s ∈ aut ss (E, ϕ, σ E ) by (4.3). Then ψ σ,s ∈ H 0 (E(z)) σ E by (4.1), but s σ,χ is not central because P s = G, and this is a contradiction.
Conversely, it suffices to prove (4.2). We follow the steps of [21, Proposition 2.14]. Let ǫ be an element in aut(E, ϕ, σ E ), and let ǫ n , ǫ s ∈ aut(E, ϕ) be its semisimple and nilpotent parts, respectively. Since an anti-holomorphic involution preserves the semisimple and nilpotent parts, we conclude that ǫ n , ǫ s ∈ aut(E, ϕ, σ E ).
We will prove that ǫ s ∈ H 0 (X, E(z)) σ E .
For that, we consider u i , u r ∈ h, associated to ǫ s , such that [u i , u r ] = 0 as it is done in [21, p. 15] . Let φ ǫs : E −→ h be the anti-equivariant map corresponding to ǫ s ∈ H 0 (X, E(h)). The bundle E 0 := {e ∈ E | φ ǫs (e) = u := u i + √ −1u r } is the (structure group) reduced bundle E G 0 , where
respectively. These reductions corresponds to filtrations
), respectively, where φ √ −1u i is the section that is equal to u i on the fibers. Since ǫ s ∈ aut(E, ϕ, σ E ), we have φ √ −1u i ∈ aut(E, ϕ, σ E ), and σ Ad(E) (Ad(E P ± )) = Ad(E P ± ) .
Applying stability conditions for both subgroups E P + and E P − , we obtain that
, it follows that deg E(s, σ) − B(s, α) = 0, and using α-stability of (E, ϕ, σ E ) we have that ǫ s is central.
We now prove by contradiction that ǫ n = 0. Assume that ǫ n = 0. Following [21, Proposition 2.14] there exist an adjoint orbit of nilpotent elements O n ⊂ g and a Zariski open subset U ⊂ X such that ǫ n (x) ∈ O n , for all x ∈ U. Furthermore, there is a filtration
on E(g) defined, for every x ∈ U by:
j+1 W j x = 0, and (3) there is an isomorphism between the graded objects
The filtration W induces a reduction of the structure group of E from G to the Jacobson parabolic subgroup P associated to ǫ n (U). Since W is invariant under σ ad , it follows that σ Ad (Ad(E P )) = Ad(E P ). By the Jacobson-Morozov's theorem, there exist an anti-dominant character χ such that preserves the weight filtration and induces on Gr W j the map given by multiplication by j. By the equivalent definition of degree in terms of a filtration given in [21, Lemma 2.12],
which is non-positive because Equation (4.4) implies that deg(Gr W j ) ≤ deg(Gr W −j ). This contradicts the stability condition and, therefore, ǫ n = 0. 
5) are in one-to-one correspondence with subundles F ⊂ E(g) of Lie algebras satisfying the following two:
(1) σ ad(E) (F ) = F , and (2) for any x ∈ X and any trivialization E x ≃ G of the fiber E x , the subalgebra F x ⊂ E(g) x is conjugate to g ′ , via the trivialization E(g) x ≃ g induced by the trivialization of E x .
Proof. It is a consequence of [21, Lemma 2.16] and the fact that via the equation (4.5) is equivalent to the above condition (1) on F .
Let P ⊂ G be a parabolic subgroup. Let E P ⊂ E be a reduction of structure group such that σ Ad(E) (AdE P ) = AdE P . (4.6) Let L ⊂ P be a Levi subgroup of P , and let U ⊂ P be the unipotent radical. The Lie algebras of L, P and U will be denoted by l, p and u respectively. Let
be a reduction of the structure group of E P from P to L such that
Conditions (4.6) and (4.7) imply that σ ad(E) = d(σ Ad(E) ) preserves all three E P (u), E P (p) and E P (l). Denote by σ E P (u) , σ E P (p) and σ E P (l) the real structures on E P (u), E P (p) and E P (l) respectively induced by σ ad(E) . There is a short exact sequence of holomorphic vector bundles with real structure
Lemma 4.6. Let E P ⊂ E be a reduction of structure group to P satisfying (4.6) . Reductions E L of the structure group of E P from from P to L satisfying (4.7) are in bijective correspondence with holomorphic splittings of the exact sequence in (4.8) 
Proof. Setting G = P and G ′ = L in Lemma 4.5 we conclude that the space of reductions of E P from P to L satisfying (4.7) is in bijective correspondence with subbundles F ⊂ E P (p) such that σ ad(E) (F ) = F and F x is conjugate to l , once we identify E P (p) x with p for any x ∈ X.
Let (E, ϕ, σ E ) be a α-polystable σ σ σ-real L-twisted Higgs pair that is not α-stable. From Proposition 4.4, there exists a non central element η ∈ aut(E, ϕ, σ E ), in other words η ∈ H 0 (X, E([g, g])). Taking η + σ aut η if necessary (this sum is not a central element), we can suppose that η is invariant under σ aut . Let a ∈ [h, h] be an infinitesimal generator of the torus generated by u i and u r , defined in Proposition 4.4. Then, the elements u = u i + √ −1u r and a satisfy that dσ G u = u and dσ G a = a , respectively. Then, the subgroup
is preserved by σ G . We denote by G 1 the complexification H C 1 and by σ G 1 the restriction σ G | H C 1 . The section η ∈ H 0 (X, E(g)) induces a G-equivariant map φ η : E −→ g which is also (σ E , dσ G )-real, because η is real (it is invariant under σ aut ). Therefore,
is preserved by σ E , and E 1 is a (σ X , σ G 1 , c)-real G 1 -bundle. Since ρ is a (σ G , σ V )-compatible representation, the vector subspace V 1 := {v ∈ V | ρ(a)v = 0} is equipped with a real structure
Proof. First, we will prove that (E 1 , ϕ 1 , σ E 1 ) is α-semistable. We denote by h 1 the Lie algebra of H 1 . For s ∈ √ −1 h 1 , consider the parabolic subgroup P 1,s := {g ∈ H 1 | e ts ge −ts is bounded when t → ∞} , and the Levi subgroup L 1,s := {g ∈ H 1 | Ad(g)s = s} .
Any holomorphic reduction of structure group σ 1 of E 1 to P 1,s such that σ Ad(E) (AdE P s,1 ) = AdE P s,1 can be extended to a real reduction σ to P s such that σ Ad(E) (AdE Ps ) = AdE Ps . Moreover, we have deg E(σ, s) = deg E 1 (σ 1 , s) .
Therefore, using the given condition that (E, ϕ, σ E ) is α-semistable it is deduced that (E 1 , ϕ 1 , σ E 1 ) is also α-semistable.
From Proposition 4.6 it follows that (E 1 , ϕ 1 , σ E 1 ) is α-polystable if for every s ∈ √ −1h, and for every holomorphic reduction of structure group σ of E 1 to P s that satisfies the two conditions σ Ad(E 1 ) (AdE P 1,s ) = AdE P 1,s and
there is a real splitting ω 1 of the following exact sequence of real vector bundles On the other hand, ϕ ∈ H 0 (X, E Ls (V 0 s ) ⊗ L) if and only if ρ(ω(ψ σ,s (ϕ))) = 0, where ω is a splitting of (4.8) and ψ σ 1 ,s ∈ H 0 (X, E σ (p)) is the section that is equal to s on the fibers. By the same reason,
where ψ σ 1 ,s ∈ H 0 (X, E 1 σ 1 (p 1 )) is the section that is equal to s on the fibers. If we decompose p and l, using characters η ∈ Hom(T, S 1 ), where T ⊂ H is a maximal torus, then ω 1 is the restriction of ω, which consist of taking η = 0.
, therefore ρ(ω(ψ σ,s (ϕ))) = 0 and also (4.9) holds, which implies
Proof of Theorem 4.3. From Proposition 4.7, we obtain a σ E -compatible reduction of structure group of a polystable σ σ σ-real L-twisted Higgs pair (E, ϕ, σ E ) from (G, ρ) to a subgroup (H C 1 , ρ 1 ) with real structure, where H C 1 G. We can iterate this process and finally, in a finite number n of steps, we obtain a σ E -compatible reduction of structure group (E n , ϕ n ) of (E, ϕ) from (G, ρ) to (H C n , ρ n ), where H C n is a Levi subgroup of G and (E n , ϕ n , σ E | En ) is α-stable, which proves Theorem 4.3. A (σ X , σ G , c, σ V , ±)-real structure on a Higgs pair (A, φ) is a (σ X , σ G , c)-real structure σ E on a C ∞ -bundle E such that
• A is a σ E -compatible connection on E, and
, where σ V is the involution on V = E(V) induced by σ E and σ V .
Set σ σ σ = (σ X , σ G , c, σ V , ±). The triple (A, φ, σ E ) sometimes will be referred to as a σ σ σ-real Higgs pair.
Remark 4.9. Let (E, σ E ) be a (σ X , σ G , c)-real G-bundle. In view of Proposition 2.7, there is a bijective correspondence between (σ X , σ E )-compatible connections on E H and σ E -real complex structures on the principal G-bundle E = E H × H G. As a consequence, σ σ σ-real L-twisted Higgs pairs can be considered as σ σ σ-real Higgs pairs fixing a flat connection on L.
Recall that a Higgs section ϕ is a holomorphic section of E(V) ⊗L, but this is equivalent to a holomorphic section φ of E ′ (V), where now,
We shall now define stability for real Higgs pairs following [15] , that in this case, coincides with [3] . Now, the main difference is that we consider only reductions preserved by σ Ad(E) .
Fix any α ∈ z(h).
A σ σ σ-real Higgs pair (A, φ, σ E ) is α-stable if for every s ∈ √ −1h and every holomorphic reduction σ of the structure group of E from G to P s satisfying the following two:
being the subbundle such that ψ σ,s (x) acts negatively for all x ∈ X, where ψ σ,s ∈ Γ(E( √ −1h)) is the section whose fibers are equal to s, and • σ Ad(E) (AdE Ps ) = AdE Ps , the strict inequality Let E be a C ∞ principal G-bundle on X, and let h be a reduction of the structure group of it from G to H; the C ∞ principal H-bundle given by h will be denoted by E H . Let A 1,1 be the set of connections A on E H , such that F 0,2 A = 0. Take a unitary representation ρ : H −→ U(V) = U(n). Let S be the space of C ∞ sections of the vector bundle E H (V) associated to E H via ρ. The product space
is a Kähler manifold equipped with a Hamiltonian action of gauge group H = Γ(E H (H)). We denote by α the element in Lie(H), whose fibers are equal to α ∈ z(h). The moment map is 
where Let E be a C ∞ principal G-bundle and E H ⊂ E a reduction of structure group of it to H ⊂ G. The gauge groups Γ(E(G)) and Γ(E H (H)) are denoted by G and H respectively. The real structures σ X and σ ad(E) together induce an involution σ Lie(G) on Lie(G). A σ σ σ-real Higgs pair (A, φ, σ E ) is simple if there is no semisimple element u ∈ Lie(G) such that Theorem 4.14. Take α ∈ z(h). Fix a simple and α-stable σ σ σ-real Higgs pair (A, φ, σ E ). There is an element s ∈ G/H on which Ψ α attains its minimum.
Theorem 4.14 will be proved after proving Proposition 4.16.
Fix a simple and α-stable σ σ σ-real Higgs pair (A, φ, σ E ). Let
be the completion of Ω 0 (E( √ −1 h)) with respect to the Sobolev norm
where d A s is the covariant derivative of s with respect to A, and ∇ is the tensor product of the Levi-Civita connection and d A . Note that Ω 0 (E( √ −1 h)) is isomorphic to G/H using the exponential map. Consider the bounded metric space
Proof. Suppose that s ∈ Met p 2 B is a minimum of Ψ α . Let B = e s (A) and Θ = e s (φ). We define the differential operator
It suffices to prove that Ker(L) = 0. Indeed, following the arguments in [29, 2.5.2.1], the operator L is Fredholm, its index is zero and, modulo a compact operator, it is elliptic self-adjoint. If Ker(L) = 0, these imply that L is surjective, and hence there is u such that L(u) = µ α (B, θ). By [12, Equation (3.28)] we have µ α (B, θ) = 0, and this implies that s minimizes Ψ α on Met p 2 . (See Remark 4.11.) We will prove that Ker(L) = 0. To prove this by contradiction, let 0 = u ∈ Ker(L). Therefore, the element
also lies in Ker(L). Then we have
From [29, Equation 2.13] it follows that
leaves (B, Θ) invariant. Therefore, (B, Θ, σ E ) is not simple and (A, φ, σ E ) is not simple. In view of this contradiction we conclude that Ker(L) = 0.. 
Proof. Repeating the same arguments as in [28, Section 6] , it suffices to prove that
To prove (4.12) by contradiction, suppose that C 1 , C 2 satisfying (4.12) do not exist. Then it can be shown that there is a sequence {u i } ∈ Met p 2 B converging weakly to some 
; then u j L 1 = 1 and sup |u j | ≤ C.
Passing to a subsequence if necessary, we can suppose that {u j } converge to an u ∞ , weakly on L 2 1 (E(ih)), and λ((A, φ), u ∞ ) ≤ 0. By definition of the integral of the moment map
These inequalities together imply that ∂ A (u j ) is bounded, so there is a subsequence {u j } converging to u ∞ . In addition, we have
The subsequence {σ ad(E) (u i )} ∈ Met p 2 B converges weakly to σ ad(E) u ∞ ∈ Met p 2 B , and
The partial sums of subsequences {
and this element is invariant under σ ad(E) . Then ρ(u ′ ∞ ) has real constant eigenvalues. The filtration V (u ′ ∞ ) induces a reduction σ of structure group from G to P such that E P = σ E (E P ), and therefore σ Ad(E) (AdE Ps ) = AdE Ps . By hypothesis (A, φ, σ E ) is α-stable, hence deg E(σ, s) + B(α, s) > 0. In view of Proposition 4.12, this inequality contradicts (4.13). This completes the proof.
Let {s i } be a minimizing sequence for Ψ α , in view of Proposition 4.16, after passing to a subsequence, we can suppose that {s i } converges weakly to some s that minimize Ψ α and e √ −1s (A, φ) is a solution to Theorem 4.14. (See Remark 4.11).
Existence of solutions implies polystability. Proposition 4.17 (Existence of solutions implies semistability). Assume that there exist a σ E -compatible Hermite-Einstein-Higgs reduction h of a σ σ σ-real L-twisted Higgs pair
Proof. Suppose that (E, ϕ, σ E ) is not α-semistable. Then there is a holomorphic reduction σ of structure group of E from G to P s such that σ Ad(E) (AdE Ps ) = AdE Ps and deg E(s, σ) − B(s, α) < 0 .
(4.15)
Let A be the connection on E h , that corresponds to the holomorphic structure on E. From [21] , Theorem 2.24], we have that 16) where ǫ h,σ,s is constructed as follows: let E h be the reduced H-bundle induced by h. The reduction σ defines a holomorphic map
If e ∈ E h , then ψ(e) is a parabolic subgroup of G conjugate to P s . Given a parabolic subgroup P conjugate to P s , and a strictly anti-dominant character χ of p s , from [21, Lemma 2.6] it follows that there exists s P,χ ∈ √ −1h, such that P = P s P,χ . The map
From Equations (4.16) and (4.15), we have
is a non decreasing sequence; therefore, it follows that λ α ( (A, ϕ) , √ −1ǫ h,σ,s ) ≥ 0 and this contradicts (4.15).
Proposition 4.18 (Existence of solutions implies polystability). Assume that there exist a σ E -compatible Hermite-Einstein-Higgs reduction
Proof. As in the proof of Proposition 4.17, let h be a σ E -compatible Hermite-Einstein-Higgs reduction. Take s ∈ √ −1h, and let σ be any reduction of structure group from G to P s , such that σ Ad(E) (AdE Ps ) = AdE Ps . Since h is σ E -compatible,
where E h is the reduced H-bundle. We define ψ ′ as the map such that the following diagram 20) commutes, where ψ is defined in (4.17). Analogously, we define ξ
where ξ is defined in (4.18). The maps ξ and ξ ′ define sections ǫ h,σ,s and ǫ ′ h,σ,s in E h ( √ −1h) such that the associated reductive filtrations V (ǫ) and V (ǫ ′ ) are related in the following way: they define reductions E P and σ E (E P ) that satisfy σ Ad(E) (AdE Ps ) = AdE Ps .
We have (E, ϕ, σ E ) to be α-semistable by Proposition 4.17. Let σ be a reduction of structure group of E from G to P s such that σ Ad(E) (AdE Ps ) = AdE Ps as well as
Let A be the connection on E h that corresponds to the holomorphic structure on E. From Proposition 4.3 and Equation (4.22), it follows that
is a non-decreasing sequence, and therefore λ α t ( (A, ϕ) , √ −1ǫ h,σ,s ) = 0 for all t. This implies that e tǫ h,σ,s fix A, for any t. So the filtration V (ǫ h,σ,s ) induces a reduction of the structure group of E P from P to L. Analogously, one can see that the filtration e tǫ ′ h,σ,s fixes σ A A, for any t, where σ A is the real structure induced in the space of connections by σ E and σ X . The filtrations V (ǫ h,σ,s ) and V (ǫ ′ h,σ,s ) induce reductions of the structure group to L and σ G L, that are related by σ Ad(E) (Ad(E Ls )) = Ad(E Ls ) .
The element e tǫ h,σ,s also fixes ϕ for any t. This implies that ϕ ∈ H 0 (X, E Ls (V 0 s ) ⊗ L). This completes the proof.
5. Real G-Higgs bundles and non-abelian Hodge correspondence 5.1. Real G-Higgs bundles. Let G be a semisimple real form of a connected semisimple Lie group G C and µ ∈ Conj(G C ) be a conjugation such that the fixed point set (
3). Let (X, σ X ) be a compact Klein surface, and let and K X be the canonical bundle of X. The anti-holomorphic involution σ X induces a real structure σ K X on K X . Let Z(G C ) and Z(H C ) be the centers of G C and
2 be the subgroup of elements of Z(H C ) of order two that are invariant under σ G . Since the kernel of the adjoint representation is Z(G C ), we have
These bundles sometimes will be referred to as σ σ σ-real G-Higgs bundles.
Let z(h C ) be the center of h C and α ∈ ih ∩ z(h C ). The notions of α-stability, α-semistability and α-polystability for σ σ σ-real G-Higgs bundles are the same that for real H C -Higgs-pairs (see Section 3.3). For the purpose of proving the non-abelian Hodge correspondence, we consider G to be semisimple. In this case, α = 0, that is why we use the following terminology: a σ σ σ-real G-Higgs bundle (E, ϕ, σ E ) is stable if it is 0-stable. We define semistability and polystability, similarly.
We denote by M d (σ X , σ G , c, ±) the moduli space of equivalence classes of polystable σ σ σ-real G-Higgs bundles (E, ϕ, σ E ) with characteristic class (same as topological type) d = c(E) ∈ π 1 (G).
Hitchin equations.
Let (E, ϕ, σ E ) be a σ σ σ-real G-Higgs bundle over (X, σ X ). Let h be a σ E -compatible reduction of the structure group from H C to H, and let
be the map given by the compact conjugation τ in the fibers induced by h combined with complex conjugation on complex 1-forms. 
Proof. It is a particular case of the Hitchin-Kobayashi correspondence for α-polystable Higgspairs proved in Theorem 4.1. Proof. This is a particular case of Corollary 4.2.
By Proposition 2.4, there is an equivalence between real principal bundles and real holomorphic structures. Therefore the points of the moduli space M d (σ X , σ G , c, ±) (defined in Section 5.1) are equivalent to the triples (∂ E , ϕ, σ E ) modulo G σ G , where:
(1) ∂ E is a (σ G , σ E )-real holomorphic structure on the C ∞ bundle E, (2) σ E is a (σ X , σ G , c)-real structure on E such that:
• ∂ E (ϕ) = 0,
• if E the holomorphic bundle corresponding to ∂ E and σ E the real structure on E induced by σ E then (E, ϕ, σ E ) is a polystable (σ X , σ G , c, ±)-real G-Higgs bundle. (3) the Higgs field ϕ ∈ Ω 1,0 (E H C (m C )) is fixed under the involution on Ω 1,0 (E H C (m C )) induced by σ E , σ G and σ X , and (4) G is the gauge group of E, σ G is the involution induced by σ E and σ G and G σ G is the fixed point set of G under σ G .
Let A d (σ X , σ G , c, ±) be the moduli space of triples (A, ϕ, σ E ) modulo H σ H , where:
(4) H is the gauge group of E H , σ H is the involution induced by σ E and σ G , and H σ H is the fixed point set of H under σ H .
In view of Theorem 2.7, there is a natural bijective correspondence between compatible h-connections and real Dolbeault structures, therefore the moduli space M d (σ X , σ G , c, ±) is in one-to-one correspondence with A d (σ X , σ G , c, ±).
Taking ψ = ϕ − τ (ϕ), the moduli space A d (σ X , σ G , c, ±) is in bijection with the space of triples (A, ψ, σ E ) modulo H σ H satisfying the Hitchin equations:
5.3.
Compatible local systems and representations of fundamental group. A local system is a pair consisting of a C ∞ a C ∞ principal G-bundle E over X and a flat connection on it. Two local systems (E, D) and (E ′ , D ′ ) are called isomorphic (also called equivalent) if there is an isomorphism of principal G-bundles φ :
Remark 5.3. A (σ E , +)-compatible connection is just a σ E -compatible one in the sense of Proposition 2.5.
be the set of equivalence classes of (σ X , σ G , c)-compatible local systems.
There is a bijective Riemann-Hilbert correspondence between local systems and representations of the fundamental group. We shall extend this correspondence for (σ X , σ G , c, ±)-compatible local systems. First, we recall the definition of an orbifold fundamental group, following [10, Section 5.1].
Fix a point x ∈ X, such that σ X (x) = x. The orbifold fundamental group Γ(X, x) of (X, σ X ) is, as a set, the disjoint union of π 1 (X, x) and Path(X, x) := {Homotopy classes of paths γ :
with the composition defined by
The function q induces the short exact sequence 6) where i denotes the inclusion of groups.
Let G ± be, as a set, G × (Z/2Z). The group operation, depending on the parameter ±, is given by
2 ) e 1 (g 2 )c e 1 e 2 , e 1 + e 2 ) .
where i ′ denotes the inclusion of groups; the homomorphisms q and q ′ are constructed in (5.6) and (5.7) respectively. We denote by Hom c (Γ, G ± ) the set of (σ G , c, ±)-compatible representation of Γ(X, x). The quotient set Hom c (Γ, G ± )/G by conjugations will be denoted by R(σ G , c, ±).
Theorem 5.4. There is a natural bijective correspondence between S(σ X , σ G , c, ±) and R(σ G , c, ±).
Proof. Let (E, σ E , D) be a (σ X , σ G , c, ±)-compatible local system. We define a morphism of groups ρ : Γ(X, x 0 ) −→ G ± that fits in the diagram (5.8), in the following way:
, and let z 0 be an element in the fiber E x 0 . Let y ∈ E be the point obtained by parallel transportation of z 0 along γ ′′ for D. Let g γ ′′ ∈ G be the element of the group such that
9) where φ E : E −→ σ * X σ G E is the isomorphism of principal G-bundles induced by σ E . We define ρ(γ) := g γ , for every γ ∈ Γ(X, x 0 ). Following the same arguments as in the proof of [7, Proposition 4 .4], we have that ρ is a (σ G , c, ±)-compatible representation. Equivalence classes of (σ X , σ G , c, ±)-compatible local systems correspond to equivalence classes of (σ G , c, ±)-compatible representations because hol(D) satisfies the property:
for all g ∈ G and for all e ∈ E x 0 .
Conversely, let ρ be a (σ G , c, ±)-compatible representation. We denote by ρ ′ the restriction ρ| π 1 (X,x 0 ) . By the usual Riemann-Hilbert correspondence ρ ′ corresponds to a local system (E, D). A map φ E : E −→ σ * X σ G (E) can be constructed using (5.9) and it can be extended to the other fibers as is done in [7, p. 18] . From [7, Proposition 4.3 
A homomorphism ρ : π 1 (X) −→ G is called reductive if its composition with the adjoint representation decomposes into a sum of irreducible representations. A (σ G , c, ±)-compatible representation of the orbifold fundamental group ρ : Γ(X, x) −→ G ± is reductive if its restriction to π 1 (X) is reductive. A (σ X , σ G , c, ±)-compatible local system (E, σ E , D) is reductive if it comes from a reductive representation, via the homeomorphism of Theorem 5.4. We denote by S(σ X , σ G , c, ±) the moduli space of reductive (σ X , σ G , c, ±)-compatible local systems and we denote by R(σ G , c, ±) the moduli space of reductive (σ G , c, ±)-compatible representations of Γ(X, x).
Remark 5.5. From Theorem 5.4 and the definitions above, there is a bijective correspondence between S(σ X , σ G , c, ±) and R(σ G , c, ±). Proof. The first two equations of (5.5) are equivalent to the flatness of D. From the Theorem of Corlette-Donaldson [17] , there is g ∈ H such that the reduction g(h 0 ) induced a map X −→ G/H that is harmonic. But σ H (g)(h 0 ) induces also an harmonic map σ X ( X) −→ σ G (G/H). Since G is semisimple, by uniqueness g = σ H (g), hence g ∈ H σ H satisfies the conditions of the statement.
The Corlette-Donaldson correspondence was the last piece that we needed to complete the following Theorem.
Theorem 5.7 (Non-abelian Hodge correspondence for real G-Higgs bundles). There is a natural bijective correspondence between M(σ X , σ G , c, ±)band R(σ G , c, ±).
Proof. In view of Theorem 5.1, it follows that M(σ X , σ G , c, ±) is in one-to-one correspondence with A 0 (σ X , σ G , c, ±), which is in bijection with S(σ X , σ G , c, ±) by Theorem 5.6. Finally, there is a bijection between S(σ X , σ G , c, ±) and R(σ G , c, ±) by Remark 5.5.
6. Involutions of the moduli spaces and their fixed points 6.1. Involutions of the moduli spaces. Let G be a real form of a connected semisimple Lie group G C and µ ∈ Conj(G C ) be a conjugation such that (G C ) µ = G. Let τ be a compact conjugation, H be a maximal compact of G and σ G be a (µ, τ )-compatible conjugation of G C (see Example 2.3). By abuse of notation, we denote by σ G the restriction to H C and to the restriction of dσ G to m C . Let M be the moduli space of classes of polystable G-Higgs bundles that are topologically trivial, S be the moduli space of reductive local systems and R be the moduli space of reductive representations of Hom(π 1 (X), G). In this Section, we define three
± on the moduli spaces M, S and R, respectively, depending on σ G , a real structure σ X on X and a parameter ±. We also see the relation between these involutions.
where π(e) := (e, Id H C ) ∈ E ′ , for all e ∈ E. We denote by f the composition of the pullback of σ X and π. The previous diagram can be expressed equivalently as Let σ K X be the anti-holomorphic involution in the canonical bundle K X induced by σ X . The tensor product of Ad(f ) and σ K X , transform a Higgs field ϕ ∈ Γ(E ′ (H C ) ⊗ K X ) into another Higgs field ϕ ′ ∈ Γ(E ′ (H C ) ⊗ K X ). The morphism f preserves the topological type and preserves polystability, so induces involutions
We denote by ∂ E the Dolbeault operator associated to a H C -bundle E. There is an homeomorphism of moduli spaces 
Proof. First, we prove the case i M (σ X , σ G ) + . For all (E, ϕ) ∈ M, we have ϕ) . Now, we prove the case i M (σ X , σ G ) − . Recall that θ = σ • τ. We consider
The relation between i M (σ X , σ G ) − and i M (θ) ± is given by
On the other hand, we define
then i S (θ) − • D (E,ϕ) = D (θE , θϕ) = θ∂ E + θτ (∂ E ) − θϕ + θτ (ϕ) (6.8)
By Equation (6.8), we obtain the equality
Finally, in view of (6.6), (6.7) and (6.9), we have
Let (σ X ) * : π 1 (X) −→ π 1 (X) be the involution on π 1 (X) given by (σ X ) * γ(t) := σ X (γ(t)), for every γ ∈ π 1 (X), t ∈ [0, 1] .
We define i R (σ X , σ G ) ± : R −→ R ρ −→ σ G • τ D (E,ϕ) ) .
Proposition 6.2. The following diagram commutes
Proof. For any (E, ϕ) ∈ M, by the properties of holonomy ϕ) ) . On the other hand, by Proposition 6.1, one has
6.2. Fixed point locus of the involutions. We describe the fixed point locus of the involutions i M (σ X , σ G ) ± , i S (σ X , σ G ) ± and i R (σ X , σ G ) ± , defined in Equations (6.3), (6.5) and (6.10), respectively.
As a result of Corollary 5.2, there is a forgetful map
We denote by M(σ X , σ G , c, ±) the image of f M .
Proposition 6.3. The fixed points of i M (σ X , σ G ) ± and the moduli space of polystable σ σ σ-real G-Higgs bundles are related by:
(1)
M(σ X , σ G , c, ±) .
(2) For g(X) ≥ 2 and if we restrict to the smooth locus M sm , then
Proof.
(1) If (E, ϕ) ∈ M(σ X , σ G , c, ±) is the image of (E, ϕ, σ E ) ∈ M(σ X , σ G , c, ±), then there is a holomorphic isomorphism of bundles φ E : E −→ σ * X σ G E that is induced by σ E . We define a map φ E,dσ G ,σ H : E(g) ⊗ K X −→ E(g) ⊗ K X induced by φ E , dσ G and σ K X then i M (σ X , σ G )
± (E, ϕ) ∼ = (φ E (E), ±φ E,dσ G ,σ K (ϕ)) ∼ = (E, ϕ) .
. There is an isomorphism φ E : E −→ σ * X σ G E , such that (φ E (E), ±φ E,dσ G ,σ K X ϕ) ∼ = (E, ϕ) . The composition σ * X σ G φ E • φ E belongs to Aut(E, ϕ) that is equal to Z ∩ Ker(ρ) because (E, ϕ) is simple. Let c := σ * X σ G (φ E ) • φ E ∈ Z ∩ Ker(ρ). Since φ E commutes with σ * X σ G φ E • φ E , then σ G (c) = c. Therefore, c ∈ Z σ G 2 ∩ ker(ι). There is a (σ X , σ G , c)-real structure σ E on E induced by ϕ E . The real structure σ E(g)⊗K induced by σ E , σ K and dσ G satisfies that σ E(g)⊗K (ϕ) = ±ϕ, because by hypothesis ϕ ∼ = ±φ E,dσ G ,σ K (ϕ).
We denote by f S and f R the forgetful maps that correspond to f M , thanks to Theorems 5.6 and 5.7, respectively. Their explicit description is the following:
We denote by S(σ X , σ G , c, ±) and R(σ G , c, ±) the images of the forgetful maps f S and f R , respectively.
Proposition 6.4. The fixed points of the involution i S (σ X , σ G ) and the moduli space of (σ X , σ G , c, ±)-compatible local systems are related by:
S(σ X , σ G , c, ±) .
(2) For g(X) ≥ 2 and if we restrict to the smooth locus S sm , then
Proof. It is a consequence of Proposition 6.3, Proposition 6.1 and the bijection of moduli spaces M(σ X , σ G , c, ±) and S(σ X , σ G , c, ±) proved in Theorem 5.1 and Theorem 5.6.
Proposition 6.5. The fixed points of the involution i R (σ X , σ G ) and moduli space of (σ G , c, ±)-equivariant representations of Γ(X) are related by:
R(σ G , c, ±) .
(2) For g(X) ≥ 2 and if we restrict to the smooth locus R sm , then
Proof. It is a consequence of Proposition 6.3, Proposition 6.1 and Theorem 5.7.
